Topology in quench dynamics gives rise to intriguing dynamic topological phenomena, which are intimately connected to the topology of static Hamiltonians yet challenging to probe experimentally. Here we experimentally detect momentum-time skyrmions in parity-time (PT )-symmetric non-unitary quench dynamics, which are protected by dynamic Chern numbers defined for the emergent momentum-time manifold. Specifically, we experimentally simulate non-unitary quench dynamics of PT -symmetric topological systems using single-photon discrete-time quantum walks, and demonstrate emergence of skyrmions by constructing the time-dependent non-Hermitian density matrix via direct measurements in position space. Our work experimentally reveals the interplay of PT symmetry and quench dynamics in inducing emergent topological structures, and highlights the application of discrete-time quantum walks for the study of dynamic topological phenomena.
Topology in quench dynamics gives rise to intriguing dynamic topological phenomena, which are intimately connected to the topology of static Hamiltonians yet challenging to probe experimentally. Here we experimentally detect momentum-time skyrmions in parity-time (PT )-symmetric non-unitary quench dynamics, which are protected by dynamic Chern numbers defined for the emergent momentum-time manifold. Specifically, we experimentally simulate non-unitary quench dynamics of PT -symmetric topological systems using single-photon discrete-time quantum walks, and demonstrate emergence of skyrmions by constructing the time-dependent non-Hermitian density matrix via direct measurements in position space. Our work experimentally reveals the interplay of PT symmetry and quench dynamics in inducing emergent topological structures, and highlights the application of discrete-time quantum walks for the study of dynamic topological phenomena.
I. INTRODUCTION
Topological phases feature a wealth of fascinating properties governed by the geometry of their groundstate wave functions at equilibrium [1, 2] , but topological phenomena also manifest as non-equilibrium quantum dynamics in driven-dissipative [3] and Floquet systems [4] [5] [6] [7] , as well as in quench processes [8] [9] [10] [11] [12] [13] [14] [15] . The experimental detection of these dynamic topological phenomena is challenging since it requires full control and access of the time-evolved state. In recent experiments with ultracold atoms, topological objects such as vortices, links and rings have been identified in the quench dynamics of topological systems via time-and momentumresolved tomography [16] [17] [18] . Here we experimentally establish discrete-time photonic quantum walks (QWs) as another promising arena for engineering and detecting dynamic topological phenomena. Compared to cold atomic gases, the relative ease of introducing loss in photonic systems further enables us to experimentally investigate novel dynamic topological phenomena in the nonunitary regime, where parity-time (PT ) symmetry plays an important role.
In discrete-time photonic QWs [19] [20] [21] [22] [23] [24] , single photons, starting from their initial states, are subject to repeated unitary operations [25] . While QW dynamics support Floquet topological phases (FTPs) [21-24, 26, 27] , * wyiz@ustc.edu.cn † gnep.eux@gmail.com discrete-time QWs can also be viewed as stroboscopic simulation of quench dynamics between FTPs, during which dynamic topological phenomena should occur. However, the enticing possibility of QWs in unveiling dynamic topological phenomena in quench processes has not been explored. We bridge this gap by experimentally detecting dynamic skyrmion structures in PT -symmetric onedimensional QWs of single photons. Originally proposed in high-energy physics [28] and later experimentally observed in magnetic and optical configurations [29] [30] [31] , skyrmions are a type of topologically stable defects featuring a three-component vector field in two dimensions. In QW dynamics, dynamic skyrmions manifest themselves in the momentum-time spin texture of the time-evolved density matrix, and are protected by quantized dynamic Chern numbers in emergent momentumtime submanifolds [12] [13] [14] . We apply projective and interference-based measurements in position space for the construction of time-dependent density matrix, rather than the time-resolved tomography. Such a practice allows for direct measurements of the density matrix at each time step, which significantly reduces the systematic error introduced by the least-square algorithm in tomographic measurements.
We confirm the emergence of dynamic skyrmion structures when QW dynamics correspond to quenches between distinct FTPs in the PT -symmetry-unbroken regime, where the dynamics is coherent despite being non-unitary. Effective coherent dynamics is manifested as temporal oscillatory behavior inherent in off-diagonal density-matrix elements. Such oscillatory phenomena re-flect the system's ability to fully retrieve information temporarily lost to the environment by PT dynamics in the unbroken-symmetry regime [32] . By contrast, when the system is quenched into the PT -symmetry-broken regime, skyrmions are absent in the momentum-time space, as the dynamics become incoherent. Our work unveils the fascinating relation between emergent topology and PT -symmetric non-unitary dynamics, and is the first experiment to showcase the prowess of QWs in revealing dynamic topological structures and invariants in quench dynamics.
II. QUENCH DYNAMICS IN PT -SYMMETRIC QWS
We experimentally implement PT -symmetric nonunitary QWs on a one-dimensional lattice L (L ∈ Z) with single photons in the cascaded interferometric network illustrated in Fig. 1 . The corresponding Floquet operator is
where R(θ) rotates coin states (encoded in the horizontal and vertical polarizations of single photons |H and |V ) by θ about the y-axis, and S moves the photon to neighbouring spatial modes depending on its polarization (see Appendix). The loss operator M = 1 w ⊗ |+ +| + √ 1 − p |− −| enforces a partial measurement in the basis |± = (|H ± |V ) / √ 2 at each time step with a success probability p ∈ [0, 1]. Here 1 w = x |x x| with |x (x ∈ L) denoting the spatial mode. Note that the non-unitary QW driven by U reduces to a unitary one p = 0.
QWs governed by U stroboscopically simulate nonunitary time evolutions driven by the effective Hamiltonian H eff , with U = e −iH eff . We define the quasienergy and eigenstate |ψ as U |ψ = γ −1 e −i |ψ , where
and K is the complex conjugation. It follows that is entirely real in the PT -symmetry-unbroken regime, and can take imaginary values in regimes when PT symmetry is spontaneously broken [33] [34] [35] [36] . U also features topological properties, characterized by winding numbers defined through the global Berry phase [37] [38] [39] . We show the topological phase diagram of the system in Fig. 2(a) , where distinct FTPs are marked by their corresponding winding numbers. The boundaries between PT -symmetry-unbroken and -broken regimes are also shown in red-dashed lines, with PT -symmetry-broken regimes surrounding topological phase boundaries.
To simulate quench dynamics, we initialize the walker photon in the eigenstate |ψ The walker at the t-th time step is given by |ψ(t) = e −iH eff t |ψ i , such that the resulting QW can be identified as a sudden quench between H i eff and H eff . Adopting notations in typical quench dynamics, we denote U and H eff as U f and H f eff in the following, characterized by coin
III. FIXED POINTS AND EMERGENT SKYRMIONS
Due to the lattice translational symmetry of U i,f , dynamics in different quasi-momentum k-sectors are decoupled. We consider the case where U i is in the PTsymmetry-unbroken regime, with the initial state |ψ
By invoking the biorthogonal basis [40] , the nonunitary time evolution of the system is captured by a nonHermitian density matrix, which can be written as [14] 
where
is the left (right) eigenvector of U f k . Here, σ 0 is a 2 × 2 identity matrix, and σ i (i = 1, 2, 3) is the corresponding standard Pauli matrix.
A key advantage of adopting Eq. (2) is that n(k, t) becomes a real unit vector, which enables us to visualize the non-unitary dynamics on a Bloch sphere. As illustrated in Fig. 2(b) , when E f k is real, n(k, t) rotates around poles of the Bloch sphere with a period t 0 = π/E f k . Thus, momenta corresponding to poles of the Bloch sphere are identified as two different kinds of fixed points, where the density matrices do not evolve in time. In contrast, when E f k is imaginary, there are no fixed points in the dynamics, as n(k, t) asymptotically approaches the north pole in the long-time limit [see Fig. 2(b) ].
When U i and U f belong with distinct FTPs in the PT -symmetry-unbroken regime, fixed points of different kinds necessarily emerge in pairs [14, 33] . Each momentum submanifold between a pair of distinct fixed points can be combined with the S 1 topology of the periodic time evolution to form an emergent S 2 momentum-time manifold, which can be mapped to the S 2 Bloch sphere of n(k, t). The Chern number characterizing such an S 2 → S 2 mapping is finite and gives rise to intriguing skyrmion structures in the emergent momentum-time manifolds.
To probe fixed points and momentum-time skyrmions, we perform projective and interference-based measurements to construct the Hermitian density matrix ρ (k, t) = |ψ k (t) ψ k (t)|, from which we calculate the non-Hermitian density matrix ρ(k, t) and determine Step 1
Step 2
Step 6 n(k, t) through n(k, t) = Tr [ρ(k, t) · τ ]. We emphasize that whereas the Hermitian density matrix ρ (k, t) is experimentally accessible, it is difficult to visualize nonunitary dynamics on a Bloch sphere starting from it, and skyrmion structures would remain hidden in the dynamics.
IV. DYNAMICS IN THE PT -SYMMETRY-UNBROKEN REGIME
We first study fixed points and momentum-time skyrmions in the PT -symmetry-unbroken regime. For comparison, we also experimentally characterize these quantities in unitary dynamics. We initialize the walker on a localized lattice site |x = 0 and in the coin state |ψ 2 ) on purple dashed lines, where qusienergy bands are flat. Oscillatory dynamics of n(k, t) in different k-sectors thus feature the same period, as illustrated in Fig. 3(a) . We identify fixed points of unitary dynamics at high-symmetry points of the Brillioun zone {−π, −π/2, 0, π/2}, where n(k, t) become independent of time.
For the second case of study, we implement nonunitary QWs with p = 0.36, |ψ √ 1 − p) ). The post-quench FTP is in the PTsymmetry unbroken regime with ν f = −2. As shown in Fig. 3(b) , dynamics of n(k, t) is still oscillatory, but fixed points are shifted away from the high-symmetry points, consistent with theoretical predictions.
In Fig. 4 , we plot n(k, t) in the momentum-time space. The oscillatory behavior in n(k, t) is then manifested as momentum-time skyrmions, which are protected by dynamic Chern numbers defined on the corresponding momentum-time submanifold. By contrast, when the
FIG. 3. Experimental results of n(k, t).
Time-evolution of n(k, t) up to t = 6 for quench processes between (a) an initial unitary Floquet operator characterized by (θ 
Experimental results of spin texture n(k, t). Experimental (upper layer) and theoretical results (lower layer) of spin texture n(k, t) in the momentum-time space for quench processes corresponding to (a) Fig. 3(a) , and (b) Fig. 3(b) , respectively. The temporal resolution of experimental measurements is limited by discrete time steps of QWs, whereas we adopt a better resolution in theoretical results for a clearer view of skyrmions.
system is quenched between FTPs with the same winding number, skyrmion-lattice structures are no longer present (see Fig. 6 in the Appendix).
V. DYNAMICS IN THE PT -SYMMETRY-BROKEN REGIME
We now turn to the case where U f belong with the PT -symmetry-broken regime. We initialize the walker on a localized lattice site in the coin state (|H + |V ) / √ 2, and evolve it under U f characterized by θ
, which is in the PTsymmetry-broken regime with ν f = −2. We note that for contrast, U f is chosen such that its quasienergy spectra are flat and completely imaginary. As shown in Fig. 5(a) , there is no periodical evolution in n(k, t) anymore. Instead, different components of n(k, t) slowly approach a steady state with n = (0, 0, 1) in the long-time limit. This is more clearly seen in the momentum-time space in Fig. 5(b) , where skyrmion structures are absent and vectors in all k-sectors tend to point out of the plane in the long-time limit. We note that dynamics of n(k, t) here is insensitive to the choice of initial state, as the system always relaxes to the steady state at long times.
VI. DISCUSSION
By simulating quench dynamics of topological systems using photonic QWs, we have revealed emergent momentum-time skyrmions, protected by dynamic Chern numbers defined on the momentum-time submanifolds. These emergent topological phenomena are underpinned by fixed points of dynamics, which can exist for both unitary and non-unitary quench processes. We have further confirmed the decisive role of PT -symmetry on the existence of fixed points and skyrmions in non-unitary dynamics.
Emergent momentum-time skyrmions reported here are intimately connected with the recently observed dynamic quantum phase transitions in similar systems [14, 33] . In fact, both emergent topological phenomena necessarily exist in the presence of fixed points of different kinds, for both unitary and non-unitary dynamics. With the highly flexible control of photonic QW protocols, it would be interesting to investigate dynamic topological phenomena in higher dimensions or associated with other topological classifications in the future [41] . Our work thus paves the way for a systematic experimental study of dynamic topological phenomena in both unitary and non-unitary dynamics. 
From these expressions, it is straightforward to visualize dynamics of n(k, t) on a Bloch sphere as illustrated in Fig. 2(b) and discussed in the main text. In particular, when U f is in the PT -symmetry-unbroken regime, fixed points occur at momenta with c − = 0 or c + = 0, which we identify as two different types of fixed points. We are then able to calculate both the real and imaginary parts of ψ x2 (t)| σ i |ψ x1 (t) (i = 0, 1, 2, 3) through Re ψ x2 (t)| σ 0 |ψ x1 (t) = P 1 D (x 1 , x 2 , t) − P 2 D (x 1 , x 2 , t) − P H (x 1 , t) + P H (x 2 , t) − P V (x 1 , t) − P V (x 2 , t) 2 ,
Im ψ x2 (t)| σ 0 |ψ x1 (t) = P 1 L (x 1 , x 2 , t) − P 2 L (x 1 , x 2 , t) − P H (x 1 , t) + P H (x 2 , t) − P V (x 1 , t) − P V (x 2 , t) 2 ,
Re ψ x2 (t)| σ 1 |ψ x1 (t) = P 3 D (x 1 , x 2 , t) + P 4 D (x 1 , x 2 , t) − P V (x 1 , t) + P H (x 2 , t) + P H (x 1 , t) + P V (x 2 , t) 2 ,
Im ψ x2 (t)| σ 1 |ψ x1 (t) = P 3 L (x 1 , x 2 , t) + P 4 L (x 1 , x 2 , t) − P V (x 1 , t) + P H (x 2 , t) + P H (x 1 , t) + P V (x 2 , t) 2 ,
Re ψ x2 (t)| σ 2 |ψ x1 (t) = P 3 L (x 1 , x 2 , t) − P 4 L (x 1 , x 2 , t) − P V (x 1 , t) + P H (x 2 , t) − P H (x 1 , t) − P V (x 2 , t) 2 ,
Im ψ x2 (t)| σ 2 |ψ x1 (t) = P 4 D (x 1 , x 2 , t) − P 3 D (x 1 , x 2 , t) + P V (x 1 , t) + P H (x 2 , t) − P H (x 1 , t) − P V (x 2 , t) 2 ,
Re ψ x2 (t)| σ 3 |ψ x1 (t) = P 1 D (x 1 , x 2 , t) + P 2 D (x 1 , x 2 , t) − P H (x 1 , t) + P H (x 2 , t) + P V (x 1 , t) + P V (x 2 , t) 2 ,
Im ψ x2 (t)| σ 3 |ψ x1 (t) = P 1 L (x 1 , x 2 , t) + P 2 L (x 1 , x 2 , t) − P H (x 1 , t) + P H (x 2 , t) + P V (x 1 , t) + P V (x 2 , t) 2 , from which we construct the corresponding matrix elements.
